The internal Zappa-Szép products emerge when a semigroup has the property that every element has a unique decomposition as a product of elements from two given subsemigroups. The external version constructed from actions of two semigroups on one another satisfying axiom derived by G. Zappa. We illustrate the correspondence between the two versions internal and the external of Zappa-Szép products of semigroups. We consider the structure of the internal Zappa-Szép product as an enlargement. We show how rectangular band can be described as the Zappa-Szép product of a left-zero semigroup and a right-zero semigroup. We find necessary and sufficient conditions for the Zappa-Szép product of regular semigroups to again be regular, and necessary conditions for the Zappa-Szép product of inverse semigroups to again be inverse. We generalize the Billhardt λ-semidirect product to the Zappa-Szép product of a semilattice E and a group G by constructing an inductive groupoid.
Introduction
The Zappa-Szép product of semigroups has two versions internal and external. In the internal one we suppose that S is a semigroup with two subsemigroups A and B such that each s S ∈ can be written uniquely as s ab which satisfy Zappa axioms [1] . For groups, the two versions are equal, but as we show in this paper for semigroups this is true for only some special kinds of semigroups.
Zappa-Szép products of semigroups provide a rich class of examples of semigroups that include the selfsimilar group actions [2] . Recently, [3] uses Li's construction of semigroup C * -algebras to associate a C * -algebra to Zappa-Szép products and gives an explicit presentation of the algebra. They define a quotient C * -algebra that generalises the Cuntz-Pimsner algebras for self-similar actions. They specifically discuss the Baumslag-Solitar groups, the binary adding machine, the semigroup N N ×  , and the ax b + -semigroup Z Z ×  . In [4] they study semigroups possessing E-regular elements, where an element a of a semigroup S is E-regular if a has an inverse a  such that , aa a a   lie in
( )
E E S ⊆ . They also obtain results concerning the extension of (one-sided) congruences, which they apply to (one-sided) congruences on maximal subgroups of regular semigroups. They show that a reasonably wide class of E D  -simple monoids can be decomposed as Zappa-Szép products.
In [5] we look at Zappa-Szép products derived from group actions on classes of semigroups. A semidirect product of semigroups is an example of a Zappa-Szép product in which one of the actions is taken to be trivial, and semidirect products of semilattices and groups play an important role in the structure theory of inverse semigroups. Therefore Zappa-Szép products of semilattices and groups should be of particular interest. We show that they are always orthodox and ℑ -unipotent, but are inverse if and only if the semilattic acts trivially on the group, that is when we have the semidirect product. In [5] we relate the construction (via automata theory) to the λ -semidirect product of inverse semigroups devised by Billhardt. In this paper we give general definitions of the Zappa-Szép product and include results about the Zappa-Szép product of groups and a special Zappa-Szép product for a nilpotent group.
We illustrate the correspondence between the internal and external versions of the Zappa-Szép product. In addition, we give several examples of both kinds. We consider the structure of the internal Zappa-Szép product as an enlargement. We show how a rectangular band can be described as the Zappa-Szép product of a left-zero semigroup and a right-zero semigroup.
We characterize Green's relations (  and  ) of the Zappa-Szép product M G

of a monoid M and a group G. We prove some results about regular and inverse Zappa-Szép product of semigroups.
We construct from the Zappa-Szép product of a semilattice E and a group G, an inverse semigroup by constructing an inductive groupoid.
We rely on basic notions from semigroup theory. Our references for this are [6] and [7] .
Internal Zappa-Szép Products
Let S be a semigroup with subsemigroups A and B such that each element s S ∈ is uniquely expressible in the form s ab = with a A ∈ and .
b B ∈
We say that S is the "internal" Zappa Thus the product in S can be described in terms of the two functions. Using the associativity of the semigroup S and the uniqueness property, we deduce the following axioms for the two functions. By the associativity of S, we have ( ) ( ) . 
Similarly by the associativity of S, we have
Thus, by uniqueness property, we have the following two properties (ZS1)
In the following we illustrate which subsemigroups may be involved in the internal Zappa-Szép product.
Lemma 1. If the semigroup S is the internal Zappa-Szép product of A and B then ( ) ( ).
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Thus x is a right identity for A and left identity for B, whereupon 
Set 1 a a = and for any 
.
M ab e e = = = In the following we give a definition of the enlargement of a semigroup introduced in [8] for regular semigroups, and in [9] this concept is generalized to non-regular semigroups by describing a condition (enlargement) under which a semigroup T is covered by a Rees matrix semigroup over a subsemigroup. We describe the enlargement concept for internal Zappa-Szép products. 
Definition 1. A semigroup T is an enlargement of a subsemigroup S if STS S
(ii) ( ) ( )
Proof. Suppose ( ) ( ) 
and . , .
, . m g n h   But from the following example we conclude that the action of the group G is a group action is a necessary condition. 
ZS
as following.
and for ( ) 
the Zappa-Szép product of A and B. The set . m ≠ Now, we note that 1  acts non-trivially. We have e t  and b f
, ,
t n To calculate the  -class of ( ) 
m n∈  By similar calculation we have ( ) ( )
So if 1  acts non-trivially we have a different structure for the  -classes of A  and A.
Proposition 5. Let M G
 be the semidirect product of a monoid M and a group G. Then (1) and (2) we have ( ) ( )
Therefore we set ( ) ( )
and .
z n h z h g m z h n g m
− − − = ⋅ ⋅ ⋅ = ⋅ We set ( ) ( ) 1 1 1 1 1 , , z x y h z h g − = ⋅ and ( ) ( ) 2 1 2 2 2 , , z x y g z g h − = ⋅ then ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 , ,, , , , , , .m z z m m n z g m h n x y m g x y m y g h z h g m h g g n h g g n h g g n h n h − − − − − ⋅ − ⋅ − − =⋅ = ⋅ ⋅     = = = =         Similarly ( )( ) ( ) 2 2 , , , . x y n h m g = Hence ( ) ( ) , , m g n h  in . M G  
Regular and Inverse Zappa-Szép Products
The main goal of this Section is to determine some of the algebraic properties of Zappa-Szép products of semigroups in terms of the algebraic properties of the semigroups themselves. The (internal) Zappa-Szép product , M A B =  of the regular subsemigroups A and B need not to be regular in general. A special case of the Zappa-Szép product is the semidirect product for which one of the actions is trivial. We use Theorem 2.1 [11] to construct an example of regular submonoids such that their semidirect product is not regular. 
Proof. Let ( ) 
b B ∈
We have to find ( ) that is fixed by a. Then ( )( )( ) ( 
( )
Reg S is a subsemigroup of S if and only if the product of any pair of idempotents in S is regular.
We now give a general necessary and sufficient condition for Zappa-Szép products of regular semigroups to be regular. 
f xefx e fxe g = = =
and so 
b B ∈
Thus if e A ∈ and f B ∈ this implies that , ef M ∈ then ( ). A complete characterization of semidirect products of monoids which are inverse monoids is given in Nico [11] .
Theorem 3. [11] A semidirect product P S T =  of two inverse semigroups S and T will be inverse if and only if ( ) E S acts trivially.
In the general case of the Zappa-Szép product of inverse semigroups P S T =  we have also P need not be inverse semigroup as we can see from the following example. 1,
This is a homomorphism of groups since 2 C is the automorphism group of E. We have an action of G on E using φ : if g G ∈ and x E ∈ define ( )( ). We note that ( ) ( ), 
, then M is not inverse. The achievement of necessary and sufficient conditions was difficult; so we try to find an inverse subset of the Zappa-Szép product of inverse semigroups. This achieved and described in Section 9. We have given the necessary conditions for Zappa-Szép products of inverse semigroups to be inverse in the following theorem. 
Theorem 4. P S T =  is an inverse semigroup if (i) S and
( )( ) ( ) ( ) ( ) ( ) ( )( ) , ,, , , , , .
External Zappa-Szép Products
Let A and B be semigroups, and suppose that we are given functions , Then by Proposition [10] we have that S is a semigroup with zero ( ) 0 ,0 .
A B
But from the following example we deduce that ( ) 9 
ZS
is not a necessary condition: From the vertical composition we get (ZS1) and (ZS4) as follows:
These pictures show that a Zappa-Szép product can be interpreted as a special kind of double category. This viewpoint on Zappa-Szép products underlies the work of Fiedorowicz and Loday [13] . In the theory of quantum groups Zappa-Szép product known as the bicrossed (bismash) product see [14] .
Internal and External Zappa-Szép Products
In general, there is not a perfect correspondence between the internal and external Zappa-Szép product of semigroups. For one thing, embedding of the factors might not be possible in an external product as the following example demonstrates. 
 is a subgroup of P isomorphic to  (with identity ( ) ( ) 
BA is not a submonoid of M.
Zappa-Szép Products and Nilpotent Groups
In this section we consider a particular Zappa-Szép product for nilpotent groups. Note that G being nilpotent of class at most 2 is equivalent to the commutator subgroup G′ being contained in the center ( ) Z G of G. Now, let G be a group and let G act on itself by left and right conjugation as follows: 1 1 and . 
Since for all ( ) 
is abelian if and only if G is abelian.
Proof. If G is abelian then G is nilpotent of class 1 if and only if ( ) .
Z G G =
This implies ( ) Z P G G P = × = and so P is abelian.
If P is abelian then ( ) , 
 be a commutator in P. We prove it is central in P. We have 
So commutators in P are in the center ( and P is not abelian) so P is nilpotent of class 2.  Combining Propositions 11, 12 and Lemma 4 we have the following. Theorem 6. Let G be a group that is nilpotent of class at most 2, and let P G G =  with left and right conjugation action of G on it self. Then: 1) P is abelian if and only if G is abelian, in which case ; P G G = × 2) If G is non-abelian and hence nilpotent of class 2, then P is also nilpotent of class 2.
Zappa-Szép Products of Semilattices and Groups
The Zappa-Szép product of inverse semigroups need not in general be an inverse semigroup. This is even the case for the semidirect product as we see (Nico [11] for example) However, Bernd Billhardt [15] showed how to get around this difficulty in the semidirect product of two inverse semigroups by modifying the definition of semidirect products in the inverse case to obtain what he termed λ -semidirect products. The λ -semidirect product of inverse semigroups is again inverse. In this Section, we construct from the Zappa-Szép product P of a semilattice E and a group G, an inverse semigroup by constructing an inductive groupoid. We assume the additional axiom for the identity element 1 G We form a groupoid from the action of the group G on the set E which has the following features:
• arrow set:
• an arrow ( ) , : f E B ∈ 4) The Zappa-szep products P G G =  of the nilpotent group G with left and right conjugation action of G on it self is abelian if and only if G is abelian, in which case ; P G G = × and if G is non-abelian and hence nilpotent of class 2, then P is also nilpotent of class 2.
5) The Zappa-Szép product of inverse semigroups need not in general be an inverse semigroup. In this paper we give the necessary conditions for their existence and we modified the definition of semidirect products in the inverse case to obtain what we termed λ -semidirect products. The λ -semidirect product of inverse semigroups is again inverse. We construct from the Zappa-Szép product P of a semilattice E and a group G, an inverse semigroup by constructing an inductive groupoid.
